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Abstract
Matching conditions relate couplings to particle masses. We discuss the impor-
tance of one-loop matching conditions in Higgs and top-quark sector as well as the











g. Using these results, the two-loop Higgs mass upper bounds are re-
analyzed. Previous results for   few TeV are found to be too stringent. For
 = 10
19
GeV we nd M
H
< 180 4  5 GeV, the rst error indicating the theo-
retical uncertainty, the second error reecting the experimental uncertainty due to
m
t
= 175 6 GeV.
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1
The standard model (SM) Higgs sector is usually considered to be an eective
theory. The possible triviality problem connected to the underlying 
4
theory [1]
can be avoided if new physics appears at some high energy . Depending on the
specic value of , an upper bound on the mass M
H
of the SM Higgs boson can be
derived [2, 3, 4]. This upper bound is connected to an unsatisfactory high energy
behaviour of the Higgs quartic self-coupling  if M
H
is large. It manifests itself
in the (one-loop) Landau pole [5] when using a perturbative approach, or in large
cuto eects when performing lattice calculations [6, 7, 8, 9].
Previous work [3, 4] extensively investigated the dependence of the M
H
upper
bound on the top quark mass m
t
. The discovery of the top quark and the steadily
improving mass determination of m
t
leads to the question: Which uncertainties are
remaining in the theoretical prediction of the M
H
upper bound? Using the pertur-
bative approach up to two loops, we investigate the sensitivity of the M
H
upper
bound with regard to various cuto criteria, the inclusion of matching corrections,
the choice of the matching scale 
0
, and the remaining top mass dependence.
In Sect. I we review the scale dependence of the SM matching conditions. We












. In particular, the use of the scale M
Z
leads to unreliable results
in the case of the Higgs coupling. Using these observations, we recalculate the





GeV, we nd the theoretical uncertainties to be large, O(200 GeV),









the theoretical uncertainties are greatly reduced and amount to O(10 GeV). The
additional experimental uncertainty entering through m
t
can be neglected except
for very large cuto scales. Assuming a top quark mass of m
t
= 175  6 GeV
[10] and a cuto scale  = 10
19
GeV, we nd an upper bound M
H
< 180  4  5
GeV, where the rst error estimates the theoretical uncertainty, and the second error
indicates the top quark mass dependence.
2
I. Matching Conditions
We start with a detailed look at the so-called matching conditions in the SM:
the relations between the physical masses and the corresponding running couplings.
This part of our letter is therefore not specic to the calculation of Higgs mass upper
bounds but has further applications.
The MS Higgs quartic coupling,

, and top Yukawa coupling, g
t








































 246 GeV. The denitions of the corresponding tree level
couplings are obtained by dropping the matching corrections , thus xing our nota-
tion. The use of two-loop renormalization group (RG) equations in connection with









they are given in [14] and [15], respectively.
In the case of the electroweak gauge couplings, one-loop matching corrections
have also been calculated [12, 13]. However, it is custom to extract the MS gauge
couplings directly using MS denitions for experimental observables. The measured
values for the MS electroweak mixing angle and QED coupling x the MS elec-



















































= 0:2315 : (4)
The MS electroweak couplings are obtained as g(M
Z






For comparison, it is nevertheless interesting to dene gauge sector matching
































= 80:35 GeV andM
Z
as above one obtains 
W
  0:4% and 
Z
 0:7%.






















, the heavy top
mass of m
t



































































































































































=175 GeV and 75 GeV < M
H
<
570 GeV their total contribution to 
H
is in magnitude less than 0.02, though some
individual terms can exceed 0.05. Depending on the choice of 
0
, the logarithmic
terms in Eqs. (6) { (8) can yield a much larger correction. In Fig. 1a we show
the one-loop result of 
H






= 175 GeV. We nd
that the matching correction 
H
can be in magnitude larger than 25% for various




), even exceeding 100%. Clearly the matching
correction should be taken into account and the choice of the matching scale 
0
is
important: some choices are more appropriate than others.





























































is the one-loop beta function of the coupling  expressed in terms of the
dierent physical masses rather than in terms of the various MS couplings (which is
consistent at one-loop order). For m
t
= 175 GeV, 






to be dierent from this value, 

quickly becomes large. If M
H

208 GeV, the m
4
t
contribution dominates and 

 0; if M
H










 0. Correspondingly, the magnitude of 
H
is insensitive to
the choice of 
0
only for a small range of M
H
values, see Fig. 1.
Natural choices of 
0
in Eq. (1) are the various masses appearing in the log-






. Since the impact of the choice of 
0
is
connected to the value of M
H







' 70-100 GeV): This is the range where 





term in Eq. (9). Such a large contribution to 

is possible for low
values of M
H
because there is no symmetry in the scalar sector which imposes 

to go to 0 for  ! 0. This is in contrast to the beta functions of the gauge and
Yukawa sectors. Consequently, the coecients of the logarithmic terms in 
H
can be
large for small values ofM
H
, actually going to innity as M
H
! 0. (In contrast, the
coecients in the matching corrections of the non-scalar sectors vanish or approach


















(The overall factor 1=M
2
H
is present because 
H
is the ratio of the loop contribution
to the lowest order contribution to







is small then 
H
is small only if 
0





For example, if M
H
= 70 GeV and m
t















) term indicates that the top mass
scale is the correct scale of reference for low values of M
H
. Interestingly, even if the
top one-loop correction to 
H
is large, perturbation theory is still applicable : 
H
is
formally the product of a series in powers of g
t




The higher-order terms contributing to 
H
are expected to be small in the same way
in which the two-loop term of 












= 175 GeV, the function 

features a zero in
this Higgs mass range, indicating that both Higgs and top-quark contributions have








are acceptable choices. In fact, we nd
the Higgs matching corrections to satisfy j
H









. This property remains true if the top quark mass has a value
somewhat dierent from m
t








The simultaneous largeness and perturbativity of the top quark contribution in the scalar
sector could be the origin of the symmetry breaking of SU(2)  U(1). A recent model [18] using




of 160 GeV < m
t




) < 1:0% if M
H
140











.: Such a value of M
H
causes a large and positive value of 

. The



























. For example, M
H




) ' 20%. For larger M
H
































) ' 0. This
approach, however, fails at two loops since the two-loop heavy-Higgs terms are
sizeable [19]. Adding these two-loop contributions to the full one-loop result of

H
, we show the resulting 
0
dependence in Fig. 1b. A satisfactory perturbative













are inappropriate since they lead to unreliable perturbative predictions for even
smaller values of M
H









> 690 GeV, resulting in an unphysical negative MS Higgs coupling.
Summarizing our results for the three dierent Higgs-mass scenarios described above,






g to be the appropriate Higgs matching scale for
m
t
' 175 GeV. The calculation of the M
H
upper bound (see Sect. II) is an example
how physical quantities are sensitive to the choice of 
0
.




) entering Eq. (2). It has been
given at one loop in [15], with the dominant QCD correction given earlier in [20]







































is independent of 
0







) = 0:118 [22], we nd  0:052 < c
t
<  0:042 for top quark mass of 150 GeV
< m
t
< 200 GeV and Higgs mass of 50 GeV < M
H
< 600 GeV. The correction due to
c
t







. The largeness of c
t
is mostly due to the QCD correction. In contrast, there




There is a misprint in Table I of [15]: the term 6:90 10
 3
should have the opposite sign.
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) ' O( 2%) as can be seen in Fig. 2.





: no other particle mass enters the 
0
-dependent logarithms. With this















) amounts to higher-order corrections which are suppressed.
The present-day experimental result of m
t
= 175  6 GeV [10] leads to 3:4%
uncertainty in the tree-level result of g
t
. Comparing with the results above, we nd
the one-loop matching correction 
t
to be of equal importance. This concludes our
review of the matching conditions.
II. Higgs Mass Upper Bounds
The triviality problem of the SM is completely xed by the beta functions of
the theory. The functions 
i
for all SM couplings have been calculated in the MS
scheme up to two loops [16, 17, 23]. At the one-loop level, a heavy Higgs particle
gives rise to a positive function 

, causing the running Higgs quartic coupling ()
to permanently increase as  increases. At some value  = 
L
, the position of the
one-loop Landau pole [5], the Higgs running coupling becomes innite: perturbation
theory has ceased to be meaningful long before.
At the two-loop level, a heavy Higgs mass causes () to approach an ultraviolet
(metastable) xpoint. This xpoint is almost entirely determined by the leading

























= 12:1::: : (13)
Increasing the scale  even further, the growing value of the running top quark
coupling can no longer be neglected and changes 

, hence modifying the above
xpoint behaviour. Since perturbation theory is already meaningless even before
() reaches 
FP
, we are not concerned about the details of the () behaviour
beyond the metastable xpoint.
7
At three loops, only the leading contribution to 

is known [19, 24, 25]. It
causes the running Higgs coupling to again have a Landau singularity. Since the
complete set of three-loop SM beta functions and the corresponding two-loop match-




upper bounds from the RG evolution of () to some embedding
scale  = , one has to choose a cuto value for (). We denote this cuto condi-
tion by 
c
(). At one loop, the standard choice is to require that () avoids the
Landau singularity for  < . This corresponds to 
c
() = 1. At two loops, the
running Higgs coupling remains nite and ()! 
FP
as  increases. The pertur-
bative approximation, however, fails long before reaching the xpoint. Therefore we










The rst choice corresponds to a two-loop correction of 25% to the one-loop beta
function 

, see Eq. (12). Perturbation theory is expected to be reliable for such
a value of () [26]. The second choice causes a 50% correction, and its value is
comparable with upper bounds on () which can be obtained from lattice calcu-
lations [7, 8, 9]. In addition, it is also relatively close to the upper bound of the
perturbative regime [26].









we give in Fig. 3 the dierent values of (M
Z
) which lead to the corresponding
cuto conditions 
c
() when evolving all SM couplings from M
Z
to . The one-
loop result in Fig. 3 with 
c
() = 1 agrees with the result obtained by Lindner















=v, and taking into account







results in [27] which question the Lindner results at all scales  are incorrect.
6




=4 at one loop, we nd a value of (M
Z
)
for which perturbation theory is denitely reliable when evolving all SM couplings
to . For  = 10
16




In the case of  = 10
3
GeV, for which Lindner [3] only gives a qualitative estimate, we nd a









in all equations and gures where  is specied. This replacement, however, still
does not correct all their results.
8
only slightly less than the nonperturbative value obtained using the Landau pole
criterion, indicating the insensitivity of the upper bound to the cuto condition. For
 = 10
3
GeV, however, the perturbative upper bound is about 50% less than the
Landau-pole bound, a sign for a strong dependence on the cuto condition 
c
().





diers from the corresponding one-loop result by less than 12%: perturbation theory





gives upper bounds on (M
Z
) which are of the order of the one-loop Landau pole
bounds.





=4 corresponds to a perturbatively reliable Higgs sector




=2 is at the verge of being
nonperturbative.
The procedure for obtaining an M
H
upper bound from the bound on (M
Z
) is






) in Fig. 3 are MS couplings at  =M
Z
.
The MS gauge couplings are xed atM
Z





The matching scale for the top quark coupling is taken according to our previous




, and we take m
t




has little eect on the nal numerical results.) The matching scale for the Higgs








) and all other SM couplings from M
Z
to some value 
0;H
such that Eq. (1)






. Subsequent evolution to 
0;t
checks
the top quark matching condition, Eq. (2), using m
t
= 175 GeV and the value of
M
H
found in the previous step. If the top quark matching condition is not satised,
we iterate our procedure, starting at scale M
Z





Eventually, we nd a nal solution for M
H
which is consistent with both matching
conditions. To investigate the importance of the one-loop matching corrections, we





In Fig. 4 we show the resulting two-loop upper bound on M
H
with and without









, the comparison of the solid line (with matching corrections)
and long-dashed line (without matching corrections) allows for a conservative esti-
mate of higher order corrections. We nd that the dierence of the two results can
exceed 100 GeV at small embedding scale , but reduces to less than about 6 GeV
9
at large scale.









. For large embedding scale  (resulting in small values of M
H
), the
two dierent choices of 
0;H
give similar results. For small scale , the dierence is
signicant (Fig. 4, dotted line). This was already anticipated in a one-loop study of
pure 
4
theory which underlies the SM Higgs sector [28]. However, the inclusion of




is completely inadequate for large values of M
H
as indicated by the largeness of




. Even more strikingly, values
 < 2  10
4
GeV (which lead to bounds (M
Z





have no solution in M
H
which satisfy the MS matching condition. This is due to








) = 1:2 which is obtained for M
H





results when determining the nal M
H
upper bounds.
The results of Fig. 4 can also be compared with the two-loop results of [4]. There




is used. The cuto-
condition 
c
() is determined as a turning point in the two-loop calculation rather
than a xed value. This procedure yields larger two-loop values of 
c
() than used
here. The resulting M
H

















in the range 150{200 GeV, the bound on M
H
changes less than 40 GeV for
the largest embedding scale considered,  = 10
19
GeV. The latest experimental
result [10], m
t
= 175  6 GeV, reduces this uncertainty to less than 5 GeV at
the 1 level. For embedding scales  < 10
10
GeV the uncertainty due to m
t
can
then entirely be neglected compared to the theoretical uncertainties connected to the





) = 0:118  0:003 [22], causes a shift of less than 1 GeV in the M
H
upper
bound, with the maximal eect at  = 10
19
GeV.
In summary, we have discussed the uncertainties in the M
H
upper bound due
to the choice of the cuto condition (Fig. 3), the importance of one-loop matching
corrections and the choice of the matching scale 
0;H
(Fig. 4), and the top-quark
mass dependence (Fig. 5). Fixing the top quark mass to be 175 GeV, using two-loop






nd the sum of all theoretical uncertainties to be represented by the upper solid area












=2. The lower edge of the solid area indicates
a value of M
H
for which perturbation theory is certainly reliable up to scale ; in
particular, the triviality problem of the standard model is clearly avoided for such
values of  and M
H
. The upper edge of the solid area can be used to estimate the
scale (M
H
) at which the standard model ceases to be meaningful as an eective
theory. Although the perturbative approach does not allow for extraction of absolute
upper bounds, the consideration of lattice calculations in 
4
theory seems to reinforce
or even tighten the upper bounds presented here [7, 9, 8, 26]. For low values of ,
the one-loop Landau pole bounds of [3] are found to be near the perturbative lower
edge of the upper solid area in Fig. 6. The additional experimental uncertainty due
to the top quark mass is represented by the cross-hatched area in Fig. 6, generously
varying the top-quark mass from 150 GeV to 200 GeV. The present-day 1 result
of m
t
= 175 6 GeV is sucient to make it the smallest source of error except for
large values of the embedding scale . In particular, we nd:
M
H
< 180 4 5 GeV if  = 10
19
GeV; (15)





For comparison, we also give the lower bounds on M
H
from stability conditions
on the SM Higgs eective potential. At large scale , the stability bound is well
approximated by requiring the Higgs running coupling to remain positive: () > 0.
Such an analysis has been carried out at the two-loop level including matching
corrections [30], and they agree within the theoretical errors with a more careful
treatment of the one-loop eective potential [31]. The discrepancy at scales  < 10







) = 0:118 we show the lower bound in Fig. 6 (lower solid area), with
the solid area indicating the theoretical uncertainty. At large , the theoretical




and comparing the results with and without
matching corrections, and at low  the theoretical error is 5 GeV according to
7
The very recent result [29] ofM
H
< 174 GeV for  = 10
19
GeV is lower than our lowest result
due to the use of the smaller cuto condition 
c
() = 5=3 < 
FP
=4  3 (our notation).
11
[32]. The variation m
t
175 25 GeV yields a much larger uncertainty in the M
H
lower bound than in the M
H
upper bound and is not shown.
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mt = 175 GeV









), Eq. (1), equals the values indicated next to the various contour lines. The
top quark mass is taken to be 175 GeV. (b) Same plot, but the leading two-loop















mt = 185 GeV
mt = 175 GeV
mt = 165 GeV









Eq. (2), equals the values indicated next to the various contour lines. Results are
shown using m
t
= 165 GeV (dotted), 175 GeV (solid), and 185 GeV (dashed).
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l] l]
Figure 3: Choosing either one-loop or two-loop RG evolution and various cuto
conditions 
c
(), the maximally allowed value of (M
Z





). The cuto condition 
c
() is imposed at scales  = 10
3
GeV (left plot)














upper bound on M
H
is calculated. The running Higgs and Yukawa couplings, ()
and g
t





with and without one-loop matching corrections. In addition, the Higgs matching













. The left plot shows the result for small values of , the right





Figure 5: The dependence of the upper M
H
bound on the top-quark mass. The








are used in connection




=2. For low values
of the embedding scale , the M
H
upper bound is insensitive to the exact value of
m
t
. For large embedding scales there is a larger m
t
dependence. Without matching
corrections (not shown), the top mass dependence is qualitatively the same.
19
l]
Figure 6: Summary of the uncertainties connected to the bounds on M
H
. The up-





= 175 GeV xed. The cross-hatched area shows the additional
uncertainty when varying m
t
from 150 to 200 GeV. The upper edge corresponds to
Higgs masses for which the SM Higgs sector ceases to be meaningful at scale  (see
text), and the lower edge indicates a value of M
H
for which perturbation theory is
certainly expected to be reliable at scale . The lower solid area represents the the-
oretical uncertaintites in the M
H
lower bounds derived from stability requirements
[30, 31, 32] using m
t
= 175 GeV and 
s
= 0:118.
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